Introduction
The enumeration of all one-class genera of definite quadratic forms has a long history. Over the rationals, Watson classified these genera in a long series of papers with some exceptions in dimensions 4 and 5 using some transformations which do not increase class numbers, see [17] . His classification has recently been completed by D. Lorch and the author [8] using Watson's transformations and the explicit mass formula of Minkowski, Siegel and Smith. Recently, the author worked out the one-class genera of definite quadratic and hermitian forms over number fields, see [7] .
The purpose of this note is to enumerate the one-class genera of parahoric subgroups of the exceptional algebraic groups. This yields a new proof of the result of Kantor, Liebler and Tits [6] for exceptional groups in characteristic 0. Instead of requiring chamber-transitivity on the associated affine building, our one-class hypothesis allows for significantly less transitivity. For groups of type G 2 , we find several examples in addition to the one in [6] . For the remaining exceptional groups, as in [6] , we prove that there are no examples even with our weaker hypothesis.
The paper is organized as follows. In Section 2, we recall some basic facts on parahoric subgroups of algebraic groups. In Section 3, we state Prasad's mass formula. In the last Section, we use his mass formula and obtain a list of all one-class genera of parahoric families in exceptional groups over number fields.
Preliminaries
Let k be a number field of degree n and let o k be its ring of integers. The set of all finite (infinite) places of k will be denoted by V f (V ∞ ). For any v ∈ V := V f ∪ V ∞ , let k v be the completion of k at v and let o kv its ring of integers. Further, we will write f v for the residue class field of k v and we set q v = #f v .
Let G be an absolutely quasi-simple, simply connected algebraic group defined over k. We always assume that v∈V∞ G(k v ) is compact. Then k is totally real.
We are mostly interested in the exceptional groups, i.e. G will be a k-form of G 2 , F 4 , E 6 , E 7 , E 8 or a triality form of D 4 , (cf. [13, Chapter 17] ).
We will also assume that G is a subgroup of GL m for some m. Let L be an o k -lattice in k m , i.e. a finitely generated o k -submodule of k m of full rank. The schematic closure of G in the group scheme GL(L) yields an integral group scheme G, cf. [2, 3] .
Similarly, they are said to be in the same genus if The most important integral group schemes G are those for which G(o kv ) is a parahoric subgroup P v of G(k v ) at each finite place v. The genus of such a scheme is uniquely determined by the family P = (P v ) v∈V f . By the previous remark, P v is hyperspecial almost everywhere. Such a family P is called coherent in [11] .
It is well known ([2, Theorem 5.1]) that the genus of integral forms corresponding to P decomposes into finitely many isomorphism classes represented by G 1 , . . . , G c(P ) say.
Then the rational number M(P ) =
is called the mass of P . We clearly have c(P ) ≥ M(P ) and c(P ) = 1 implies M(P ) −1 ∈ Z.
The mass formula
Let P be a coherent family of parahoric subgroups of G and let G be the unique quasi-split inner k-form of G. If G is of type 6 D 4 (cf. [13, Chapter 17.9]), let /k be a cubic extension contained in a Galois extension of k of degree 6 over which G splits. In all other cases let be the minimal extension of k over which G splits. The absolute values of the absolute discriminants of k and will be denoted by D k and D respectively. If G splits over k, let s(G) = 0. Otherwise let s(G) be the sum of the number of short roots and the number of short simple roots of the relative roots system of G over k. In particular, if G is a triality form of D 4 , then s(G) = 7 and if G is an outer form of E 6 then s(G) = 6. For more details, see Section 0.4 of [11] .
We fix a family
By [15, Section 3.5], both these groups admit a Levi decomposition over f v . Hence we may fix some maximal connected reductive f v -subgroups M v and M v such that
Here R u denotes the unipotent radical.
In his seminal paper [11] , Prasad gave the following explicit formula for M(P ).
Theorem 3.1 ([11]).
where m 1 , . . . , m r are the exponents of the simple, simply-connected compact real-analytic Lie group of the same type as G and ζ(P ) = v∈V f ζ(P v ) with
For computational purposes, it is usually more convenient to express M(P ) in terms of M(P) which is a product of special values of certain
. 
. The theory of Bruhat-Tits shows that every maximal parahoric subgroup of 
The last column of Table 4.1 gives the label of the group G(Z) in the list of all groups of order M(P ) −1 = #G(Z) as defined by the small group database [1].
Proof. Using the notation of Section 3, we have = k, r = 2, (m 1 , m 2 ) = (1, 5) and dim G = r + 2(m 1 + m 2 ) = 14. Thus Theorem 3.1 shows
Hence c(P ) = 1 implies
Voight's tables [16] now show that k is one of Q, Q( √ d) with d ∈ {2, 3, 5, 13} or the maximal totally real subfield Q(θ 7 ) of the seventh cyclotomic field Q(ζ 7 ).
The assumption c(P ) = 1 forces M(P ) −1 ∈ Z. Hence M(P) −1 ∈ Z by Lemma 3.2. The exact values of M(P) = 2 −2n ζ k (−1)ζ k (−5) for the various possible base fields k is given in the following table. This shows that k = Q as claimed. For any given prime p, the local correction factor z(P p ) is given by the following table.
If p ≥ 23 then #G 2 (2) · (p 3 + 1) > 1 and therefore P p is hyperspecial. For p < 23 we can simply check all possible combinations of P p which yield M(P ) −1 ∈ Z. This yields precisely the claimed combinations. Let B be an Iwahori subgroup of G. The set of all Z p B-invariant lattices in O 0 p have been worked out in [3] . For each candidate P , Theorem 4.
is of type P . One checks that M(P ) −1 = #G(Z) in all cases.
Let P be the parahoric family corresponding to the last entry of Hence c(P ) = 1 implies
Hence k = Q. But for k = Q we have
. Proof. If G is any form of D 4 , then r = 4, (m 1 , . . . , m 4 ) = (1, 3, 3, 5 ) and dim G = r + 2 i m i = 28. Thus Theorem 3.1 shows that
The result follows from Voight's tables of totally real number fields [16] . 
Using the functional equation for L-series, we obtain (4.1)
(see also [12, Section 2.8] . By Lemma 4.3, there are only finitely many candidates for k. For each such field k, [16] lists all possible cubic extensions that satisfy the previous inequality. We only find the possibility k = Q and = k[x]/(f (x)) where f (x) is one of the ten polynomials given below. In each case, we can now evaluate M(P) explicitly using equation (4.1).
The result now follows from the fact that M(P ) is an integral multiple of M(P) and therefore never the reciprocal of an integer.
4.4.
The case E 6 . Let G be a form of E 6 . The assumption that G(k v ) is anisotropic for all v ∈ V ∞ forces G to be of type 2 E 6 , see for example [4, Proposition 2.2] for details. Thus the splitting field of G is a totally complex quadratic extension of k. Proof. We have r = 6, (m 1 , . . . , m 6 ) = (1, 4, 5, 7, 8, 11 ), s(G) = 26 and dim G = 78. Suppose P is a parahoric family of class number one. Let
Then Theorem 3.1 implies
.
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Suppose k = Q( √ 5). Since the narrow class group of k is trivial, the extension /k ramifies at a finite place. Thus D /D 2 k ≥ 4 and hence
So we may suppose that k = Q. Then 1 = c(P ) > D 13 · γ implies that D ≤ 12. Thus is Q( √ −d) for some d ∈ {1, 2, 3, 7, 11}. For any v ∈ V f , the group G is quasi-split over k v . Moreover, the type of G over k v is 1 E 6 , 2 E 6 or F I 4 (using the notation of [15, Section 4]) depending on whether v is split, inert or ramified in . Thus ζ(P v ) −1 equals In particular, there exists no parahoric family P such that M(P ) −1 ∈ Z. shows that c(P ) > 1 for all parahoric families P . 
